
Part 1. We recap the line search problem and solution.  

Notations:  

Let 𝐶𝑋 ∈ ℝ𝑛×𝑛, 𝐶𝑌 ∈ ℝ𝑚×𝑚 denote the cost matrices in source domain and target domains 
respectively.  

Let ℳ ∈ ℝ𝑛×𝑛×𝑚×𝑚  be the cost tensor,  defined in [29] as ℳ𝑖,𝑖′,𝑗,𝑗′ = |𝐶𝑖,𝑖′ 
𝑋 − 𝐶𝑗,𝑗′

𝑌 |
2

 .  

Let 𝑇(𝑘) ∈ ℝ𝑛×𝑚  denote the transportation plan at iteration k in the Frank-wolf algorithm.  

Let 𝑇̃(𝑘) denote the transportation plan obtained by the OT (or partial OT) solver at iteration 
𝑘 + 1.   

Let 𝛿𝑇 = 𝑇̃(𝑙) − 𝑇̃(𝑙). 

Let  𝑀 ∘ 𝑇 ∈ ℝ𝑛×𝑚 denote the tensor product defined by  (ℳ ∘ 𝑇)𝑖𝑗 = ∑ ℳ𝑖,𝑖′,𝑗,𝑗′𝑖𝑗 𝛾𝑖′,𝑗′  

 

Problem setup:  

We aim to solve 𝛾∗ = arg min
𝛾∈[0,1]

⟨ℳ ∘ (1 − 𝛾)𝑇(𝑘) + 𝛾𝑇̃(𝑘), (1 − 𝛾)𝑇(𝑘) + 𝛾𝑇̃(𝑘)⟩ 

                                          = arg min
𝛾∈[0,1]

⟨ℳ ∘ 𝑇(𝑘) + 𝛾𝛿𝑇, 𝑇(𝑘) + 𝛾𝛿𝑇(𝑘)⟩.  

Simplifying the formula, we obtain a quadratic minimization problem:  

    𝛾2⟨ℳ ∘ 𝛿𝑇(𝑙), 𝛿𝑇(𝑙)⟩ + 𝛾⟨2ℳ ∘ 𝑇(𝑙), 𝛿𝑇(𝑙)⟩ + 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

  By setting 𝑎 = ⟨𝑀 ∘ 𝛿𝑇(𝑙), 𝛿𝑇(𝑙)⟩, 𝑏 = 2⟨𝑀 ∘ 𝑇(𝑙), 𝛿𝑇(𝑙)⟩,                        Eq (1)  

we obtain the solution is the following:  

 𝛾 = {

0 𝑖𝑓 𝑎 ≤ 0, 𝑎 + 𝑏 ≤ 0
1 𝑖𝑓 𝑎 ≤ 0, 𝑎 + 𝑏 > 0 

𝑐𝑙𝑖𝑝 (−
𝑏

2𝑎
, [0,1]) 𝑖𝑓 𝑎 > 0

 

Remark 1: If we use 1
2

𝑎,
1

2
𝑏 to replace 𝑎, 𝑏, the solution 𝛾 is unchanged. (Scaling does not 

change the line search problem.)   

Remark 2: the above 𝛾 is consitant to the solution 𝛾(𝑘) in  paper [29] 



 

 

Part 2: We go through the code in linke ot.partial — POT Python Optimal Transport 0.9.3 
documentation (pythonot.github.io).  

Part 2.1. We verify the following (see the first two figures):  

“gwgrad_partial” returns ℳ ∘ 𝑇 

“gw_loss_partial” returns 1
2

⟨ℳ ∘ 𝑇, 𝑇⟩  

 

Part 2.2. We verify the following (see the third figures):   

line “M=gw_gwgrad_partial(C1,C2,G0)”, it returns   𝑀 = ℳ ∘ 𝑇̃(𝑘) (where 𝐺0 = 𝑇̃(𝑘))  

line  “deltaG=G0-Gprev”, it returns 𝛿𝑇 = 𝑇̃(𝑘) − 𝑇(𝑘)  

line “a=gwloss_partial(C1,C2,deltaG)”, it returns 𝑎 =
1

2
⟨ℳ ∘ 𝛿𝑇, 𝛿𝑇⟩ 

line “b=2*np.sum(M*deltaG)”, it returns 𝑏 = 2 ⋅ ⟨ℳ ∘ 𝑇̃(𝑘), 𝛿𝑇⟩ 

Compare these two lines with equation (1), we observe they are not consistent.  

 

 

https://pythonot.github.io/_modules/ot/partial.html#partial_gromov_wasserstein2
https://pythonot.github.io/_modules/ot/partial.html#partial_gromov_wasserstein2


 

 



 



 

 



 


